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Abstract. In this paper, we study minimality properties of partly 
modified mixed Tsirelson spaces. A Banach space with a normalized 
basis (ejt) is said to be sub sequentially minimal if for every normalized 
block basis (xt) of (e*,), there is a further block (y^) of (xk) such that 
(j/fc) is equivalent to a subsequence of (e&). Sufficient conditions are 
given for a partly modified mixed Tsirelson space to be subsequentially 
minimal and connections with Bourgain's £ 1 -index are established. It 
is also shown that a large class of mixed Tsirelson spaces fails to be 
subsequentially minimal in a strong sense. 



The class of mixed Tsirelson spaces plays an important role in the struc- 
ture theory of Banach spaces and has been well investigated (e.g., O [3J [5J 
[151 HH1 HH] ) - In this paper, we will study aspects of the subspace structure 
of mixed Tsirelson spaces and (partly) modified mixed Tsirelson spaces (see 
definitions below). We are particularly interested in properties connected 
with minimality. A infinite-dimensional Banach space X is minimal if every 
infinite-dimensional subspace has a further subspace isomorphic to X. The 
work of Gowers [13] had motivated some recent studies on minimality (e.g., 

ma, mi, m. 

A Banach space X with a normalized basis (e^) is said to be subsequen- 
tially minimal if for every normalized block basis (x^) of (e&) , there is a 
further block (y^) of (xk) such that (y^) is equivalent to a subsequence of 
(ejfe) . It is well known that the Tsirelson space T [(Si, 1/2)] has the property 
that every normalized block basis of its standard basis is equivalent to a 
subsequence of (e&) [8]. In particular, it is subsequentially minimal. In [161 
Theorem 9], it was shown that if a nonincreasing null sequence (9 n ) in (0, 1) 
is regular (6 m + n > 6 m 9 n ) and satisfies 



(f) limlimsup "! + " > 0, 

m 
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then the space T [(S n , 9 n )^ =1 ] is subsequentially minimal if and only if every 
block subspace of T [(S n , ^ n )^L 1 ] admits an ^-iS^-spreading model, if and 
only if every block subspace of T [(S n , n )^ =1 ] has Bourgain ^-index greater 

than uj w . In particular, if sup n 0^ = 1, then the mixed Tsirelson space 
T [(S n ,6 n ) c ^ ) =1 \ is subsequentially minimal [18]. 

This paper is divided into two parts. In the first part, we investigate 
the analogs of the results quoted above in the context of partly modified 
mixed Tsirelson spaces. In this connection, it is worthwhile to point out 
that a subsequentially minimal partly modified mixed Tsirelson space is 
quasi- minimal in the sense of Gowers |13j . Since these spaces are strongly 
asymptotic £ , by [9] they do not contain minimal subspaces and therefore, 
they are strictly quasi-minimal. The only typical known example of a strictly 
quasi-minimal space was the Tsirelson space. While that space satisfies 
the so called blocking principle [B], among our examples of strictly quasi- 
minimal spaces there are cases which do not satisfy that principle. The 
subsequentially minimal mixed Tsirelson spaces, mentioned above, are also 
quasi-minimal, however it is not known if they are strictly quasi-minimal 
(see the remarks in [9]). In the second part of the paper, we give a general 
sufficient condition for a (unmodified) mixed Tsirelson space to fail to be 
subsequentially minimal in a strong sense. 

1. Preliminaries 

Denote by N the set of natural numbers. For any infinite subset M of 
N, let [M], respectively [M] <oc , be the set of all infinite and finite subsets 
of M respectively. These are subspaces of the power set of N, which is 
identified with 2 N and endowed with the topology of pointwise convergence. 
A subset J- of [N] <0 ° is said to be hereditary if G G T whenever G C F 
and F G T '. It is spreading if for all strictly increasing sequences (mj)^ =1 
and («i)f =1 , ini)\ =x G T if (mi)f =1 G T and m, < rij for all i. We also call 
(rii)i =1 a spreading of (m«)f =1 . A regular family is a subset of [N] <OG that 
is hereditary, spreading and compact (as a subspace of 2 N ). If / and J are 
nonempty finite subsets of N, we write I < J to mean max I < min J. We 
also allow that < I and I < 0. For a singleton {n}, {n} < J is abbreviated 
to n < J. HF,QQ [N]<°°, let 

T[G\ = {ufUG* : Gi G g,Gi < ■ ■ ■ < G k , (minG;)Li G ^} 

and 

(JF, Q) = {F U G : F < G, F G F, G G G}. 

Inductively, set (J 7 ) 1 = T and (T) n+X = (F, (.T) n ) for all n G N. It is clear 
that T[G] and (T, G) are regular if both T and G are. A class of regular 
families that has played a central role is the class of generalized Schreier 
families [lj. 

Let So consist of all singleton subsets of N together with the empty set. 
Then define Si to be the collection of all A G [N] <0 ° such that \A\ < min A 
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together with the empty set, where \A\ denotes the cardinality of the set A. 
If S a has been defined for some countable ordinal a, set = For 
a countable limit ordinal a, specify a sequence (a n ) that strictly increases 
to a. Then define 

S a = {F : F G S an for some n < minF} U {0}. 

Given a nonempty compact family T C [N] <co , let = T and J-^ be the 
set of all limit points of T . Continue inductively to derive = (^ r ( Q ))( 1 ) 

for all ordinals a and J-^ = C\R< a !F^ for all limit ordinals a. The index 
is taken to be the smallest a such that = 0. Since [N] <oc is 

countable, < U)\ for any compact family T C [N] <oc . It is well known 

that i(Sa) = u a for all a < u% [U Proposition 4.10]. 

A sequence (x n ) in a normed space said to dominate a sequence (y n ) in a 
possibly different space if there is a finite constant K such that || ^ OnJ/n|| < 
X|| £^ a n a; n || for all (a n ) G coo- If two sequences dominate each other, then 
they are equivalent and we write (x n ) ~ (y n )- If (^n) is a basic sequence 
and F C N, [(e n ) ne ir] denotes the closed linear space of {e n : n G F} . If 
(e n ) is a normalized basis of X, then by (x n ) -< (e n ) or -< X we shall 
mean that ( K x n ) is a normalized block basis of (e n ) . We say that Y is a 
subspace of X, F -< X, if X has a basis (x n ) and Y = [(y n )n€ti\ f° r some 
{Un) ~< {x n ) . A normalized sequence (x n ) is said to be an fi-Sp- spreading 
model with constant K if || J2neF a n%n\\ > X -1 X^ngF l a «l whenever F G 5^. 

Partly modified mixed Tsirelson spaces 

Let (6 n ) be a null sequence in the interval (0, 1) and a n G {U, M} for 
every n. We say that a family (Fj) i=1 of subsets of N is (S n , cr n )-adapted if 
(minFj)^ G S n and 

f Fj n Ej = 0, l<i^j<k if cr n = M, 
| Fj < Fj + i, 1 < i < /c if fj n = U. 

An cr n )-adapted family (Ei)^ =1 is said to be S n -admissible (respectively 
S n - allow able) if cr n = U (respectively a n = M). Define the partly modified 
mixed Tsirelson space X = T [(S n ,a n ,0 n )™ =1 ] to be the completion of coo 
under the implicitly defined norm 

(1) \\x\\ = max < ||x|| co , sup# n sup V] \\Ei%\\ \ , 

{ n i J 

where the last supremum is taken over all (S n , <7 n )-adapted families (Fj) . If 
a n = U for all n (respectively a n = M for all n), then X is a mixed Tsirelson 
space (respectively modified mixed Tsirelson space). We will assume that 
a Po = M for some po . 

Norming Trees 

Equation (pQ) can be viewed as an iterative prescription for computing 
the norm. The procedure may be summarized in terms of norming trees, 
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from which the existence and uniqueness of a norm satisfying equation (pQ) 
also follows. An ((<S n , cr n ) n -) adapted tree T is a finite collection of elements 
(E™), < m < r, 1 < i < k(m), in [N] <co with the following properties. 

(1) k(0) = 1, 

(2) Every E™ +1 is a subset of some E™, 

(3) For each j and m, the collection {E™ +1 : E™ +1 C Ef} is (S k ,a k )- 
adapted for some k. 

The set E® is called the root of the adapted tree. The elements E™ are 
called nodes of the tree. If E™ C and n > m, we say that EJ 1 is a 
descendant of E™ and £™ is an ancestor of £"". If, in the above notation, 
n = m + 1, then is said to be an immediate successor of E™, and £7™ 
the immediate predecessor or parent of K™. Nodes with no descendants are 
called terminal nodes or leaves of the tree. The collection of all leaves of T is 
denoted by C (T). Assign tags to the individual nodes inductively as follows. 
Let t{E%) = 1. If t{Ef) has been defined and the collection {Ef +1 ) of all 
immediate successors of E™ forms an (S k , <7fc)-adapted collection, then define 
t(Ej l+1 ) = 6 k t(E™) for all immediate successors Ef +1 of Ef. If x € c 00 
and T is an adapted tree, let Tx = Ylt(E)\\Ex\\ C0 where the sum is taken 
over all leaves in T. It follows from the implicit description (equation ([T])) 
of the norm in X that ||x|| = maxTx, with the maximum taken over the set 
of all adapted trees. Let us also point out that if 8 is a collection of pairwise 
disjoint nodes of an adapted tree T so that E C US for every leaf E of T 
and x E coo, then Tx < ^2p e £t(F)\\Fx\\. Given a node E G T with tag 
= ni^i^ni' define ordr (E) = YHLi n i- When there is no confusion, 
we write ord(E') instead of ovdr{E). 

Let T be an adapted tree. A node E £ T is said to be a sibling of F G T 
if they have the same parent. If (zj) is a block sequence, we say that E 
begins at z k if E n supp z k ® and i£ H supp = for all j < k. To say that 
E begins before z k means that E begins at Zj for some j < k and we denote 
this condition by E <\ z k - 

£ 1 -Trees and Bourgain's ^-Index 

A tree in a Banach space B is a subset T of U^ =1 B n so that (xi, . . . , x n ) G 
T whenever (xi, . . . , x n , G T. Elements of the tree are called nodes. It 

is well-founded if there is no infinite sequence (x n ) so that (x\, . . . , x m ) G T 
for all to. If 1? has a basis, then a tree T is said to be a Woc& free (with 
respect to the basis) if every node is a block basis of the given basis. For 
any well-founded tree T, its derived tree is the tree T>^ (7~) consisting of all 
nodes (xi, . . . , x n ) so that (xi, . . . , x n , x) G T for some x. Inductively, set 
2?(«+i)(r) = cWfpWfT)) for all ordinals a and p( a )(T) = n p<a V^(T) 
for all limit ordinals a. The order of a tree T is the smallest ordinal o(7~) = a 
such that p(°)(T) = 0. 
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Definition. Given a finite constant K > 1, an £ -K-tree in a Banach space 
B is a tree in B so that every node (x\, . . . normalized sequence 

such that || ^afcXfc|| > K -1 ^ |ofc| for all (a&). If -B has a basis, an £ -K- 
block tree is a block tree that is also an ^-K-tiee. Suppose that B does 
not contain I 1 , let I(B,K) = supo(T), where the sup is taken over the 
set of all ^-K-trees in X. The Bourgain l^-index of B is defined to be 
1(B) = sup K<00 I(B, K). The block £ l -index h{B) is defined analogously 
using block trees if B has a basis. In [141 Lemmas 5.7 and 5.11] , it was shown 
that I h (B) / h(B,K) and 1(B) ^ I(B,K) for every if. In particular, 
Ib(B), 1(B) are limit ordinals. It was also shown that [14|, Corollary 5.13] 
1(B) = Ib(B) when both are defined and either one has value > lo u . 

2. Sufficient conditions for subsequential minimality 

The purpose of the present section is to give sufficient conditions for a 
partly modified mixed Tsirelson space to be subsequentially minimal. Prior 
experience with mixed Tsirelson spaces |16| informs us that there may be 
some connection with the Bourgain ^-index. This indeed turns out to be 
the case but the proof requires a different approach. 

The main result of the section is the following theorem. The smallest 
integer greater than or equal to a E R is denoted by \a\ . For the rest of the 
section, X will denote a partly modified mixed Tsirelson space. 

Theorem 1. Let X be a partly modified mixed Tsirelson space. IfY -< X 
and I(Y) > u u , then there exists (x n ) -< Y such that (x n ) ~ (e Pn ), where 
p n = minsuppx n . Consequently, X is subsequentially minimal ifI(Y) > lo w 
for all Y -< X. 

Before proceeding with the proof of the theorem, let us draw the following 
corollary. 

Corollary 2. Suppose that there exists e > such that 

n 

sup{— : 6 n > e m } = oo. 
m 

Then X is subsequentially minimal. This holds in particular if sup 6l/ n = 1. 

Proof. Clearly, for any n G N and any Y -< X, every normalized block 
sequence in Y is an £ 1 -5 n -spreading model with constant 9~ . By p3], if 

Y contains an ^-c^n-spreading model with constant K, then it contains 
an ^ 1 -5 n -spreading model with constant \f~K. With the assumption of the 
corollary, for any k £ N, there are m,n so that n/m > 2k and 9 n > e m . 
Choose i and j so that 2 l < m < 2 l+1 and 2 J 1 < n < 2- ?+1 . Then any 

Y -< X contains an l 1 -S 2 i -spreading model with constant 9~ , and hence, 

1 —1/2* 

by the remark above, an I -5 2 j-i -spreading model with constant n 

Since 9 n < e~ and 2 J ~ l > k, Y has an i -5fc-spreading model with 
constant e~ 2 for all k. Hence there is an £ 1 -e _2 -tree on Y of order u u . Thus 
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h(Y,e~ 2 ) > u w and so I(Y) = I b (Y) > I b (Y,e- 2 ) > '. The desired result 
now follows from Theorem 

1 in 

Finally, assume that sup# n = 1. Given < e < 1 and k £ N, there 
exists n > k such that n /n > e 1/k . Set m = \n/k] > 2. Then 6 n > e m and 
n/m>k(l-l/m)>k/2. □ 

The proof of Theorem Q] occurs in two stages. First we show that from any 
block subspace of X with a high ^-index a "slow-growing" block sequence 
may be extracted (see property (*) defined below). In the second part, we 
show that this subsequence is equivalent to a subsequence of the unit vector 
basis (ejt). 

Definition. Let Y = [(yk)] be a block subspace of X, we say that Y has 
property (*) if there exists a constant C < oo such that for all n £ N, 
there exists a normalized vector x £ Y n = [(j/fc)£!l n ] such that ^ H-Ei^H < C 
whenever (E'j) is 5 n -allowable. 

First we recall a needed lemma. 

Lemma 3 ( \15\ Proposition 14]). Let T be a well-founded block tree in a 
Banach space B with a basis. Define 

H = {(maxsuppxj)j =1 : (xj)j =1 <E T} 

and 

Q = {G : G is a spreading of a subset of some H £ 7i}. 
Then Q is hereditary and spreading. If Q is compact, then c(Q) > o(T). 

Lemma 4. If I(Y) > uj^ then Y has property (*). 

Proof. There exists K < oo such that I b {Y,K) > uj" . Let T be an l x -K- 
block tree in Y such that o(T) > lo w . Given n > po, consider the tree T 
consisting of all nodes of the form {xj) r - =n for some (xj) r j =1 £ T, r > n. 

Then T is an £ l -K-h\ook tree in Y n such that o(T) > uj^ . Define 
H = {(maxsupp Xj) r j =n : (xj) r j =n £ T} 

and 

Q = {G : G is a spreading of a subset of some H £ TC\. 
By Lemma El Q is hereditary and spreading, and either Q is noncompact or 
it is compact with i(Q) > o(T) > lo^ > uj n+1 . By [U Theorem 1.1], there 
exists M £ [N] such that 

s n+1 n [M]<°° c g. 

Now [191 Proposition 3.6] gives a finite set G £ S n+ in [M] <0 ° and a sequence 
of positive numbers (a p ) pe G such that ^ a p = 1 and Yl P eF a p < (^po) P j 
where P = — , whenever i 7 C G and F £ S n . By definition, there exist 



a node (xj)^ =n £ T and a subset J of the integer interval [n,r] such that 
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G is a spreading of (maxsuppxj)j g j. Denote the unique order preserving 
bijection from J onto G by u and consider the vector y = Ylj^j a u(j) x j- 
Since (xj)j =n is a normalized ^-.fT-block sequence in Y n and Yl a u(j) = 1> 
y € y„ and ||y|| > 1/K". 

Let (E'j) be 5 n -allowable. Let Ji = {j G J : some Ei begins at Xj} and 
Ji = J\Ji- Note that 5 n C S Po p = [S Po ] . Thus for each j, (6 Po ) Yli ll-^i^ill — 



1. Also, since {u (j) : j G Ji} G <S„, EjeJi a «(j) < 



'VOJ 



. Hence 



(2) 



E 



■^i ^ ] a u(j) x j 



^ °u(i) J^H- 5 - 



i^-j i 



< 



1 



< 1. 



On the other hand, the collection {Ei n suppxy : E{ < x^} of pairwise dis- 
joint sets is 5i-allowable and thus <S po - allowable. Therefore, 



(3) 



E 



>2'Xj | 



jeJ2 i 

= Ou 0') $Z nsuppx^XjH 

jeJ2 Ei<\Xj 
* 1 

Combining inequalities (|2|) and ([3|) gives 
H-EiVll = Yj W E i Yl a <3) x iW 

^ J2 W Ei Yl a Hi) x iW + S II s '' a «(i) x ill 

It is clear that the normalized element x = y/\\y\\ satisfies the statement of 
the lemma with the constant C = ^1 + j— j K. □ 

We record the quantitative statement of Lemma 0] for future reference. 

Lemma 5. Let T be an i 1 -K -block tree on a block subspace Y of X of order 
o(T) > iJ^ . Then for all n G N, there is a normalized vector x in the span of 
a node ofT such that \\Eix\\ < K{l + 6~^) whenever (Ei) is S n -allowable. 
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For each n G N, define 

Cn = sup{(9 mi ~'0 mi : mi H hmj > n}. 

Then (£ n ) is a null sequence. Assume that Y has property (*) , choose 
(xfc) -< Y and a strictly increasing sequence (n k ) , no = 1, so that for each 
k, 

(a) Yl \\E s x k \\ < C whenever (i£ s ) is 5 nfc _ 1 -allowable, 

(P) in k \\Xk\\p < 5f, 

(7) 2% < Pfc+i for all fc, where = minsuppxfc and q k = maxsuppx^. 
Let (b k ) k=1 S c^Q and set x = J2k=i h k x k- 
Lemma 6. LetT be an adapted tree. If £ is a collection of pairwise disjoint 
nodes ofT such that ord(E) < m for all E G £, then £ is S m -allowable. 

Proof. Note that if T is an adapted tree, then it is an allowable tree with 
nodes of the same orders. The conclusion follows from [17\ Lemma 3]. □ 

Lemma 7. Given any adapted tree T, there exists an adapted tree T such 
that 

(a) if E G T and E n suppx^ 7^ 0, then ord (E) < n k , 

(b) Tx<T'x + J2%- 

Proof. Given an adapted tree T and FCFJ, define 

T F = {E n F : E G T, E n F / 0} . 
Clearly Tp is an adapted tree. For all k = 2, N„ define a set F k by 
F£ = U {E n supp x k : E G T, ord (£) > n k } . 

Then 

Tx fc = ^ t(E)\\Ex k \\ 
EeC(T) 

= *(^) 11^*11+ £ t(s)n^n 

E£C(T) E£C(T) 
ord(_E)<?ife ord(_B)>nj. 

< ZF^fc + £n fc IN ll^i < 7> fc Zfc + gjf. 

Let T = ^(i^ni^n-nFjv)- Note that T satisfies (a) and Tx k = Tp k x k if 
2<k<N. Hence 

Tx = ^2 h1~Xk 

N ( 1 
< b\Tx\ + ^b k \T Fk x k + ^ 

k=2 ^ 



2 k 

2k- 
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□ 

Define £ k to be the set 
{E G T : E begins at x k and has a sibling that begins before x k }. 

Lemma 8. Yl \\Exj~\\ < C for all k = 2, ...,N . 

Ee£ k 

Proof. Note that if E G £ k , E has a sibling E' that begins before x k . Hence 
ord (E) = ord (£") < n k ^\ by property (a) of Lemma [TJ By Lemma [H £ k is 
S nk ^-allowable. The conclusion follows from condition (a) . □ 

Proof of Theorem^ As (e k ) is a 1-unconditional basis of X, it is enough to 
consider nonnegative coefficients. As above, consider (b k )^ =1 G Cq Q and set 

x = Ylk=i bkXk-, V = J2k=i bk£p k - It is easy to see that ||y|| < ||x||. We will 
show that \\x\\ < (2+C)||y||, where C is the constant in condition (a). Given 
an adapted tree T, we obtain an adapted tree T as in Lemma [71 We may 
further assume that every node E G T'\C(T') is the union of its immediate 
successors, that E C U^suppx^ for every E G T and that, relabeling if 
necessary, the root of T begins at x\. With these assumptions, every node 
E G £(T') that intersects suppx/j, > 2, is a descendant of some node in 
£ k . For each k > 2, choose G £fc such that i (E k ) = max {i (.E) : E G • 
By Lemma El for k > 2, 

T'x k = ^2t(E) \\Ex k \\ < t {E k ) \\Ex k \\ < t (E k ) C. 
Therefore, 

N N , 

Tx<T {b lXl ) + J2 b k T ' x k + 

k=2 k=2 
N N , 

<b l + CY,b k t{E k ) + Y,^ 

k=2 k=2 

N 

<CY J t(E k )b k + 2\\(b k )\\ Co 

k=2 
N 

< cJ2H E k)h + 2\\y\\- 

k=2 

To complete the proof, it suffices to appeal to Proposition [9] below to see 
that£f =2 i(£ fc )&fc< IMI- □ 

Remark. This proof above shows that if (x k ) is a (possibly finite) normal- 
ized block sequence in X satisfying conditions (a), {(5) and (7) for some 
(n k ), then (x k ) is (2 + C)-equivalent to (e Pk ). 
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Proposition 9. There is an (S n , a„)^L 1 -adapted tree T" so that 

N 

T"y>J2ht(E k ). 

k=l 

In particular, Ylk=i bkt{Ek) < \\u\\- 

The tree T" is constructed by substituting each node P in T with one or 
two nodes, which we now proceed to describe. For each E £ T', define 
G E = {Pj : Ej C E}. If E £ T and E / E k for any k, substitute G E for E. 
If E = Ek for some k, substitute two nodes, namely {pk} and Ge, in place 
of E. The resulting collection of nodes after the substitutions we denote by 
T" . Note that since the root of T begins at x\, it cannot be equal to Pfc 
for any k. Thus the root of T is substituted with a single node. To show 
that T" is an (<S n , cr n )^ =1 -adapted tree, it is enough to show that if E £ T 
has immediate successors (Pj)j =1 which form an (<S n , a ra )-adapted family, 
then (GFi)i=i U P is an (S n , cr n )-adapted family of subsets of G E , where 
P = {{pk} '■ Fi = Ek for some i}. We divide the proof of this assertion into 
a series of claims and lemmas. 

Claim 1. {GFi) S i = i UPisa family of pairwise disjoint subsets of Ge- 

By definition, {pk} C Ge for any {pk} £ P. Let us show that G^ C G^. 

Indeed, if pj GG^, then Pj C Pj CP. Thus pj £ 

Now if z 7^ z', then Pj n Pj' = 0. By definition, G Ei is disjoint from Gi?., ■ 

If Pj = Ek for some i and fc, then for any %' (including % itself), Pfc C 

cannot hold. Therefore, {pfc} an d G^., are disjoint for all i'. Since obviously 

any two sets in P are disjoint, the claim is established. 

Claim 2. If (Pj)f =1 consists of successive sets, then so does (G_p i )* =1 U P. 

First we show that if Pj < Pj/, then G^ < Gf^- Let pj £ G^ and 
Pj' £ Gfy- Then Pj C ^ anc [ £y C Since Ej begins at Xj, Ey begins 
at xji and Pj < Pj', it follows that j < f and hence pj < py. This shows 
that G Fi < G Fi ,- 

Next, if Pj < Pj' = Pfc for some and k, then we claim that GF t < 
{pk} < Gf^- To see the first inequality, pick a point pj £ Gi? t . Then Pj C p im 
In particular, Pj < Pj' = P&. Since Pj begins at Xj and Pfc begins at x k , 
we deduce that j < k and thus pj < p k . Hence Gf { < {Pk} ■ Similarly, if 
Pj £ G^., , then Pj C = Since Pj begins at Xj and E k begins at x k , 
we deduce that k < j. This shows that {p k } < Gpi, . 

Let P = : {p k } £ P}. 

Claim 3. (mmG Fi ) s i=1 U P £ 5„ 

The proof of this claim requires several short lemmas. 

Lemma 10. Por any P £ T , minG^ > 2minP. 
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Proof. Suppose that pj G Ge- Then Ej ^ E. Since Ej has a sibling that 
begins before Xj, E begins before Xj. This implies that 

2min£' < 2gj_i < pj by (7). 

□ 

Lemma 11. P is a spreading of a subset of (minFj)| =1 and pk > 2minFi 
for all pk £ P. 

Proof. We may assume that mini*! < • • • < mmF s . For each k, let Hk = 
{mini 7 ^ : mini*^ £ suppa^} . List the k J s such that Hk 7^ in increasing 
order as ki < ■ ■ ■ < k r . Since every Fi begins at or after x^, Ek x 7^ Ft for 
any i. Therefore, P C (pfc £ )£ =2 - For each 2 < £ < r, choose i^\ such that 
minFj f _ 1 £ i?fe^_ r Then (pk e ) V £ = 2 is a spreading of (minF^_ 1 )^ =2 . Also note 
that pk > Pfc 2 > 2q/ Cl > 2minFi for all pk £ P- □ 

It follows from Lemmas 1101 and 1111 that (minGpJ^ U P can be written 
as Uj^BAj, where B = {2min.Fi} U (mini ? j)| =2 , min A,- > j, and \Aj\ < 2 
for all j £ B. 

Lemma 12. Suppose that n £ N, L £ S n and B is a spreading of L such 
that mini? > 2minL. If \Aj\ < 2 and mmAj > j for all j £ B, then 

Proof. It is easy to see that we may assume Aj < Aji if j < j' . Write 
L = u| =1 Lfc, where L\ < • • • < L p are in and p < minLi. Then 

B = U^ =l Bk, where each Bk is a spreading of Lk and B\ < ••• < B p . 
Denoting by A2 the collection of subsets of N having at most two elements, 
we appeal to [15, Remark on p. 312] to deduce that 

U jeBh Aj £ 5 n _i [A 2 ] C (5 n _i) 2 . 

Hence U^sA,- = U^ 1 Cj, where C\ < • • • < C 2p are in 5 n _i. Since 2p < 
2minLi < mini? < minCi, the conclusion of the lemma follows. □ 

Completion of proof of Proposition It follows from the claims and lemmas 
above that the nodes of T" form an (S n , <r n )^ =1 -adapted tree, where the tag 
of any node in T" is the same as the tag of the node in T for which it 
is a substitute. Moreover, it follows from Claim 1 that all nodes in P are 
terminal. Therefore, 

N 

T"y> Y, t({Pk})b k = Y, t ( E k) b k- 

{Pk}eP k=2 

□ 

Recall that a Banach space Z is said to be minimal if every infinite 
dimensional subspace of Z has a further subspace isomorphic to Z. This 
definition is due to Rosenthal. In [13], Gowers introduced the more general 
notion of quasi-minimal spaces. Two Banach spaces are said to be totally 
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incomparable if they do not have isomorphic infinite dimensional subspaces. 
A Banach space is said to be quasi-minimal if it does not contain a pair of 
totally incomparable infinite dimensional closed subspaces. Using Theorem 
[H Corollary [2] and Proposition [14] below, we obtain 

Corollary 13. Let X = T[(<S n , o~ n , n )^ =1 ] be a partly modified mixed Tsirelson 
space so that L(Y) > uj w for every block subspace Y of X . Then X is quasi- 
minimal. This holds if there exists e > such that sup{n/m : 6 n > e m } = 
do, and, in particular, if sup 9n n = 1. 

Proposition 14. Let (pk) and (qk) be subsequences o/N so that pk < qk < 
2qk < Pk+i for all k. Then the sequences (e Pk ) and (e qk ) are 2-equivalent in 
any partly modified mixed Tsirelson space X = T[(S n ,a n ,0 n )'^ =1 ]. 

Proof. Define a sequence of norms on X follows. Let ||x||o = \\x\\ co and 

\\x\\ i+ i = max{ 1 1 x 1 1 o , sup sup n ^ \\E m x\\i}, 

n 

m 

where the final supremum is taken over all (S n , <r n )-adapted families (E m ). 
It is clear that \\x\\ = lim ||x||j for all x E X. For any finite subset E of (qk), 
let the shift of E be the set s(E) = {pk : q^ E E}. We claim that for any i, 
any (a*.) E cqo and any E C (qk), there exist pj E s(E) and F C s(E) such 
that pj < F and 

(4) ||£ , ^a fc e 9 J; < \ aj \ + ||F^a fc e p Jj. 

Once the claim is proved, it follows easily that || Y] ak^q h II < 2||E a k e Pk II- 
Since each S n is spreading, we clearly have ||X} a fc e pJI < || ^ dfce ? J|, and 
the proof of the proposition would be complete. We now prove the claim ([4]) 
by induction on i. The case i = is trivial. Suppose that the claim holds 
for some i. We may assume that 

d 

\\E^2i a k e qk lli+l = @n \\E m a fc e <? fc Hi; 
m=l 

where (E m ) m=l is an cr n )-adapted family of subsets of £7, arranged so 
that (mm E m ) m=1 is an increasing sequence. By induction, for each m, there 
are pj m E s(E m ) and F m C s(£' m ) such that p Jm < F m and 

1 1 E m ^ ^ OkCq k 1 1 j ^ | Q>j m \ ~\~ \\ Em ^ ^ ^/c Cpj. 1 1 i ■ 

Observe that for every m, 2min£' m < 2qj m < Pj m +i < mini^ m . Also, for 
m > 2, 2min£' m _i < mins(£' m ) < p Jm . Let mo be such that Pj mQ is the 
minimum of the sequence (pj m ) m =v Th en (p Jm ) m ^ mo U (minF m )^ =1 may 
be written as U^A,-, where B is a spreading of (mmE m ) m=l such that 
mini? > 2 minimi, \Aj\ < 2 and Aj > j for all j E B. By Lemma 112^ 
(p jm )m^m U (minF m )^ =1 E <S n . Clearly, {fe m } : m / m } U {F m : 1 < 
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m < d} is a pairwise disjoint family that is successive if (-E m )^ =1 is. Thus, 
this family is (S n , ov^-adapted. We may then conclude that 

d 

\\E ^2 O'k^qu ||i+l = On ^2 W^m ake 1k \\i 
m=l 

d 

< °n\a jmo \ +9 n { ^2 KJ + W F m^2 a ke Pk \\i) 

mj^mo m=l 

< l a im l + \\ F '^2 a ke Pk \\i+i, 

where F = {p jm : m / m } U U^ =1 F m C s(£) and F > p jmo 6 s(E). □ 

If X = T[(S n , a n , 9 n )^ =1 ] is a partly modified mixed Tsirelson space where 
a Po = M, then it is clear that every disjointly supported sequence (xfc)^ =1 
m [( e k) < kL n \ * s ^pp 1 -equivalent to the unit vector basis of ^ 1 (ri). Such spaces 
are called strongly asymptotic i 1 spaces. In [9], it was proved that every 
minimal, strongly asymptotic i 1 Banach space with a basis is isomorphic to 
a subspace £ . Since partly modified spaces are reflexive (this may be proved 
using the arguments of [3j; alternatively, it follows from the computation of 
the £ 1 -index below (Theorem I16j) ). we get that no partly modified mixed 
Tsirelson space contains a minimal subspace. Hence the class of the partly 
modified mixed Tsirelson spaces X such that I(Y) > lo^ for every subspace 
Y of X provides examples of quasi-minimal Banach spaces without minimal 
subspaces. 

3. The Bourgain ^-index 

In this section, we develop the techniques in §2 further to investigate the 
Bourgain £ 1 -index of partly modified mixed Tsirelson spaces. In the first 
part of the section, we show that I (X) does not exceed a/ 1 " 1 ' 2 . In the second 
part, we pinpoint the value of I (X) in certain cases in terms of the sequence 
of coefficients (9 n ). 

In the following proposition, we will require the concepts of block subtrees, 
minimal trees T a and replacement trees T(a, (3) defined, constructed and de- 
veloped in [TJ]. We refer the reader to that paper for details. The execution 
of the following proof is comparable to that of |14| Lemma 4.2]. When two 
trees T and T are isomorphic, we write T ~ T . Given two finite sequences 
x = (x 1 , ■ ■ ■ ,x m ) and y = (y x , ■■■ , y n ) , let x U y = (x 1 , ■■■ ,x m ,y lr -- ,y n ) . 
We say that a normalized vector x satisfies property (*) for the couple 
(n, C) G N x R+ if Yl \\Eix\\ < C whenever (Ei) is 5„-allowable. 

Proposition 15. If T is an i 1 -K -block tree of order o(7~) > uj w ■ a, then 
for any no £ N and any positive sequence (gj), there exists a block subtree 
T of T , isomorphic to T a , such that every node (x\, ■ ■ ■ ,Xd) 6 T satisfies 
(1) There exist m < ■ ■ ■ < Ji<z— i; with n\ > no, such that each X{ satisfies 
property (*) for the couple [n%-\, C) , where C = (l + K, 



14 D. KUTZAROVA, D. H. LEUNG, A. MANOUSSAKIS, AND W.-K. TANG 



(2) £„ t \\xi\\ £1 < Si for 1 < i < d, and 

(3) 2maxsuppx« < minsuppxj+i if 1 < i < d. 

Proof. The proof is by induction on a. The case a = 1 follows from Lemma 
[5j Suppose that 7" is an ^-TT-block tree of order o(T) > uo w ■ (a + 1) . Ac- 
cording to \14\ Lemma 3.7] and replacing 7" by a subtree if necessary, we 
may assume that 7" is isomorphic to the "replacement tree" 7" (a + 1, u u ) . 
From the definition of 7" (a + 1, uj^) , we see that (T(a + l,w w )) (w " ,a) is the 
minimal tree 7^. Applying the case a = 1 to T^- Q ) ~ we obtain 
a normalized block y of a node if = (xi,--- , x m ) in T^-a) such that y 
satisfies (*) for the couple (no, C) . Choose n\ > no such that £ ni ||y||^i < s\. 
Without loss of generality, we may assume that if is a terminal node in 
T^' a \ By the construction of T (a + 1, , the subtree Tg of 7" con- 
sisting of all nodes z > x is isomorphic to T(q;, w u ) and hence has order 
uj^ ■ a. Consider the "restricted subtree" 1Z(T$) Definition 4.1] consist- 
ing of all (wj, . . . , Wk), where x U (wi, . . . , w^) G T$ and j is the smallest 
integer such that min supp Wj > 2maxsuppx m . Then TZ(7g) is an £ l -K- 
block tree of order u) u ■ a. Apply the inductive hypothesis to 1Z (7^) with 
the parameters n\ and (£i+i) to obtain a block subtree T" of 1Z (7^) . Define 
T = {(y) U w : w £ 7""} . It is easy to check that 7"' satisfies the desired 
conclusion (for the ordinal a + 1). 

Suppose that 7" is an ^-A^-block tree of order o(7~) > w 1 ^ • a, where a 
is a limit ordinal. Let (a n ) be a sequence of ordinals strictly increasing to 
a. Then 7" contains pairwise disjoint subtrees T n with o(7^) > uj^ ■ a n for 
all n. For each n, apply the inductive hypothesis to obtain a block subtree 
7^ of T n . The block subtree T = U7^ of 7" satisfies the conclusion of the 
proposition. □ 

If (&j) is chosen to be (1/2*), then from the remark following the proof of 
Theorem [H we see that every node (aci, • • • , x£) £ T is (2 + C)-equivalent 
to (e pj ), where p { = minsuppxj. For y £ c 00 , let \\y\\ Sp = sup Ee5p \\Ey\\ e i. 

Theorem 16. The Bourgain I 1 -index of X = T [(«S n , o~ n , 0n)^LJ *s 7 (A) < 

Proof. If 7(A) > u/^' 2 , then by [HJ Corollary 5.13], there exists an £ l -K- 
block tree 7" with o(7~) > uj w ' 2 for some X > 0. Let n be chosen so that 
£ n < 2K7I+C) ' ^ Proposition[[5j we obtain an £ 1 -K-block tree T' of 7" with 
o(T') = w n+1 such that every node {x\, • • • , a^) in T' is (2 + C)-equivalent 
to (e Pi ). Define 

U ii/*,)' , ■ (xj) r j=n e T'} 

and 

<5 = {G : G is a spreading of a subset of some H £ TC\. 

By Lemma El Q is hereditary and spreading, and either Q is noncompact 
or it is compact with i(Q) > o(T') > uo n+1 > uj . By |12| Theorem 1.1], 
there exists M £ [N] such that S n n [M]<°° C As in the proof of 
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Lemma HI we obtain a node {xj) r - =n E T', J C [n,r], an order preserv- 
ing map u from J onto a spreading of (pj)j^j and a sequence of positive 
numbers (a n (j))j 6 j such that Sjgj = 1 an d SjeA a "0') ^ ^ n whenever 
(j) '■ J ' € ^4} € Sn-l- Let y = Ylj^j a u(j) x j- Since is a normalized 

£ 1 -ET-block sequence, ||y|| > On the other hand, 



\y\ 



a uU) x jW < ( 2 + C) II a «0') e ? 



< (2 + C) (|| Y, a u {j) e P] \\s n ^ + en||(a M(i) )||,i) < 2 (2 + C) f„, 

contradicting the choice of n. □ 

In the second half of the section, we obtain an estimate on the norms of 
vectors spanned by normalized block sequences in X (Proposition [20]) , from 
which the value of the Bourgain £ 1 -index I(X) may be deduced. For the 
remainder of the section, assume that (x k ) is a normalized block sequence 
in X = T[S n , a n , n )™=i\, (a k ) E c 00 and q k = maxsuppx fc . Set x = a k x k . 
Recall the assumption that a Po = M for some p$. Given a node E in an 
adapted tree T, we say that it is a long node (with respect to x) if E n 
suppxfc 7^ for more than one k. Otherwise, we term the node short. 

Lemma 17. For any N, there exists an adapted tree T such that all long 
nodes E E T satisfy t (E) > 6^ and 

\\x\\<Tx + -^\\(a k )\\ £1 . 

Proof. Choose an adapted tree T such that ||x|| = T'x. Let £ be the col- 
lection of minimal elements in the set of long nodes E with t (E) < 9n. 
For each E E £, let k E be the smallest k such that suppx^ n E ^ and 
let Fe = suppxfc E n E. For each k, the nonempty sets in the collection 
{(E \ Fe) H suppxfc} is 5i-allowable and hence 5 Po -allowable. Thus, 

Y t (E) || (E x F E ) x k \\ <9 N J2\\(E^ F E ) x k \\ < ^. 

EGS Ee£ °P° 

Then 

^t(E)\\(E^F E )x\\< d 7 f\\(a k )\\ l 

Po 



Ee£ 



Let T be the tree obtained from T by changing all nodes G E T ', G C E 
for some E E £ to G n F E , Then T is an adapted tree such that all long 
nodes H in T satisfies t (H) > 8jy. Moreover, 

\\x\\ = T'x < Tx + Y f ( E ) W( E x f e) x\\ 

E&S 

<Tx+ d -fL\\(a k )\\ el . 
"po 



16 D. KUTZAROVA, D. H. LEUNG, A. MANOUSSAKIS, AND W.-K. TANG 



□ 

Fix N and let T be the tree given by Lemma [TTJ For any e > 0, let 

k (e) = max jm H + n j : ni • • • 8 rij > e} . Let S denote the set of all 

minimal short nodes in T. 

Lemma 18. If Si = {E G S : E has a long sibling} , then 
Y,t(E)\\Ex\\<\\Y^ 

Proof. If E G S\, then i (E 1 ) > On and hence ord (E) < k (On) • Hence by 
Lemma [6j £i is S k rg N \- allowable. Since each E £ Si is a short node, it 
follows that the set Qo = {q k : suppxfc n E ^ for some -E G <?i} G S k m N y 
Thus 

E t pzii < e k*i< E afce 9* 

□ 

For m,neN, define r? m n = inf g "i+n w here the infimum is taken over 
all ni, . . . , n s such that n\ + • • • + n s > n, with the additional requirement 
that a ni = o n2 = ■ ■ ■ = a ns = M if cr m+n = M. 

Lemma 19. Suppose that inf lim sup ij m n = 0. For any e > 0, there exist 

m n 

m and no such that 

£ t(E)\\Ex\\<e\\(a k )\\ el +2\\Y,a k e qk 

Proof. Choose m and uq such that rj m ,n < e if n > uq. Let T> = (Di) be 
the set of all parents of nodes in S \ E\. In particular, each Di is a long 
node and hence t (Di) > On- It follows that ord(Dj) < k(0N)- Also, the 
nodes in 2? are pairwise disjoint since no E G S \ £i can have a long sibling. 
For each i, there exists some n^ such that Ti = {E G S \ £i : E C Z^} is 
(5 ni , cj ni )-adapted. Let I = {i : n, < no + m} . Then ord (£") = ord (Di) + 
n, < A; (0 N )+n o +m for all 12 G [j T^. By LemmaEJ ^JjFj is an S k ^ N ^ +m+m - 

ieI iel 
allowable collection of short nodes. It follows that 

Qo = { Qk ■ suppx fc n E / for some E G |Jj^ > G S k ^ N ) +no+m . 



Therefore, 



(5) Yl HtyWExW < E ^ ||E 



a k e q k 



Eeu i(El Fi qk eQ " ' ' ' s k(8 N )+u +m 
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Now consider those i ^ I. Let Tih = {E £ Ti : E C suppx^}. For each k, 
let 

I k = {i $ I : {minE : E £ T ik } £ S ni - m } 
and I' k = I : {minE : E G T ik } $ S n ^ m } . 

(i) (i) (i) (i) 

Suppose that i £ I k . Choose n\ , . . . ,n s such that n\ +■ ■ ■ + n s > rii — m, 

^m+rii—m ^ 



7 (i) • • • U (i) 



and (T (,)=••■= cr {,)= M if a ni = M. This is possible since i £ I implies 

that rii — m > tiq and hence r\ m ^ ni _ m < e. 

If a ni = U, then the sets in T{ and hence T%h are successive. Since 
{mini? : E £ J 7 ^} £ <S ni _ m , JF^ is <S n ._ m -admissible and hence S « w - 

admissible. Then 

(6) E 9 nf • • • l« ll fefc H = E If) • • • W ED i X *W ^ II ASfcll • 

If cr ni = M, then is 5„ 4 _ m -allowable and hence S (i) (<) -allowable. 
Since cr (,) = • • • = a = M, we obtain the same inequality as ©. 

71-^ Tl s 

From inequality ([6]), 

Y Y t(^)W = E*™^ E n^ii 

<e^t(A)||Aa:fc|| < £■ 

Therefore, 

(7) Yl E <(S)IW|< e ||(a fc )||^. 

{(i ) fe):ie/&}E6^ife 

For each i £ I, set Ji = {k : i £ I' k } . Then {minE 1 : E 1 G ^ife} ^ S rii - m for 
each k £ Ji but U fe {min£ : £ G J^/J = {minS : £7 G T%\ £ S ni . By [J5J 
Lemma 2], (minU egt^E) fcg j. G 5 m . Now ord (-D,) < fc (#at) for all % and P 
consist of pairwise disjoint sets. Thus by Lemma [6J T> is SW^^a -allowable. 
Therefore, {q k : k £ U^jJi} £ 5fc(e JV )+m- K follows that 

(8) E E wimi ^ E 

E°* e » c 



< 
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Combining © , © and © yields 

t(E)\\Ex\\=e\\(a k )y+2\\j2 

EeS^Si k(e N )+n +m 

□ 

From Lemmas [T71 [T8l and [19] we have 

Proposition 20. Suppose that inf lim sup rj m n = 0. T/ien given any e > 

m n 

and iV, i/iere exist m and no such that 



Ml < ( e + ^- ) ||(a*)||/i +3 E afce, ?fc 



9 

Theorem 21. // inf lim sup r] m ^ n = 0, then I (X) = u' 



c 

fc(#jv)+ n 0+ m 



Proof. Since X contains ^ 1 -S n -spreading models with constant for all n, 
it is clear that I(X) > cu^. Suppose I{X) > io w . There exist K > 1 and an 
£ 1 -i^-block tree T such that o(T) > u u J . Let ~H(T) = {(maxsuppxj)^ =1 : 
( x jYj=i ^ an( i £ = {C : G is a spreading of a subset of some H G "H}. 
Then <,(£) > o(T) > a;". Choose e and iV such that e + |^ < ^ and let 
r = k (6*jv) + no + m where no j m are such that r\ mn < £ if n > no- Applying 
Theorem 1.1], there exists M G [N] such that 5 aJ n[M] < °° C Hence, it 



follows from [I9j Proposition 3.6] that there exist G = (tj) G <7 and (a«) G c^q 
such that = 1 an< i IE a i e tJs r < m<- 

By definition, there exists a normalized £ 1 -X-block sequence (xj)^ in X 
such that (t{) is a spreading of (%) = (maxsuppxj) . By Proposition [20l 



— < |j^Oia:i| < ^ ||(a»)||^i + 3 a i e Q 



K - 11^ II - 2^ 

1 

^ S r < ^' 



a contradiction. □ 
Theorem 22. /finflimsup inf a dm+ l l > 0, then X contains I 1 -S m - 

m n "lH \-n s >n 0n i'" a «s 

spreading models with uniform constant. In particular, I(X) = lu w ' 2 . 

The proof is based on the following construction. 

Lemma 23. For any n G N, e > and L G [N] , there exists x G coo such 
that 

\\x\\ £1 = — , suppx G 5jv + i H [L} <co and \\x\\ x < 1 H — , 
where N = max {ni + • • • + n s : e# ni • • • # ns > 8 n } . (We take max = Oj 
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Proof. According to [19, Proposition 3.6], there exists x G cqq such that 
\\x\\gi = 0-, suppx G Sn + \ D [L] <OG and H^Hs < 1. If T is an adapted tree, 
then 



Tx= J] 4(^)11^x11^+ ^ t(E)\\Ex\ 



Q) 



EeC(T) 
et(E)<O n 

< 6 -jM\^+ Yl 

EeC(T) 
et(E)>6 n 



Ee£(T) 

et(E)>e n 



Ex\\ 



ICQ 



But et(E) > 6n implies that ord [E) < N. It follows from Lemma [6] that 
{£G£ (T) : et (E) > 9 n } is S^-allowable. Then Tx < ± + ||sc|| s < i + 



1. 



Proof of Theorem EH Let e > be such that 



□ 



inf lim sup inf 

m n 11 H his>«— "1 

Given any m, choose n > m such that 

inf 



> e. 



> e. 



Then N = max {ni + • • • + n s : £# ni • • • ns > 8 n } < n — m. Choose a block 
sequence (xk) such that Ha^H^i = g-, suppx^ G 5at+i and HajjfcH^ < 1 + ~ 
for all fe. Let p& = minsuppx^ for all k. If -F £ <S m , then {puj^p G S m and 
hence Ufc G F su PP x fc G <Sm+JV+i C <S„. Thus for any (a&) G c 00 , 



^ akXk 










k&F 






f 1 





This shows that (xj./ is an £ 1 -5 m -spreading model with constant 1 + 

ye. 

Let K be a fixed constant so that for each m, there is a normalized 



block sequence (x? 



that is an £ 1 -5 m -spreading model with constant 



X. If J 7 is a regular family, consider the tree T{T) in X consisting of 
all sequences of the form (x™ 1 )^^ U ••• U (x[™ r )j g / r with If. G <S mk , 1 < 
k < r, ik+i > maxj G / fc max supp x™ k for all i^+i G ifc+i, 1 < < r, and 
(min/i, . . . ,min/ r ) G T . If (x™ 1 )^ U ••• U (x™ r )ie/, G T(T^), take i = 
maxjg/,. max supp x™' r . There exists jo so that (min I±, . . . min I r , jo) G T. 
Then {xf) i(ih U • • • U (^) ie j r U (x?) ieI G T(^) provided I G 5 m and 
/ > maxjio, jo}- It follows easily that T(J-^) C T(JP")^^^. Carrying on 
inductively, one deduces that o(T(<S n )) > • o; n for all n. Finally, note 
that if (x™ 1 )^ U • • • U {x™ T )ia r G T(<S n ), then for all scalars (a? 



fc=l i(zlk 



m kx m k I 



> 



k=l i&Ik 



mfc I 
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Hence T{S n ) is an f-K9~ 1 -tree in X of order at least uj w+n . Thus I{X) > 
lo^' 2 . The reverse inequality holds by Theorem 1161 □ 

The foregoing results serve to pinpoint the value of the Bourgain ^ 1 -index 
precisely if X is either "boundedly modified" or "(completely) modified" . 

Corollary 24. Suppose that there exists N such that o~ n = U for all n > N, 
or that a n = M for all n. Then 

(1) / (X) = uj" i/inf limsup inf = 0, 



j u ' 2 i/inflimsup inf a m+ " 

m n niH \-n s >n ° n i "'° n ' 

has I 1 -S m - spreading models with uniform constant. 



(2) I(X) = uj^ 2 if inflimsup inf a ™ > 0. In i/us case X 



4. Mixed Tsirelson spaces that are strongly 
non-subsequentially minimal 

In the final section, it is shown that a large class of (unmodified) mixed 
Tsirelson spaces fails to be subsequentially minimal in a strong sense. We 
consider a mixed Tsirelson space X = T[(S n , 9 n )^ =1 ] = T[(S n 
where o~ n = U for all n. In this case, we may assume without loss of gen- 
erality that (9 n ) is a regular sequence, i.e., (9 n ) is a non-increasing null 
sequence in (0, 1) such that 9 m+n > 9 n 9 m for all m, n E N. By [HI Lemma 
4.13], 9 = lim n 9n exists and is equal to sup^n • Also, we let ip n = 6 n /9 n . 

Definition. We say that a Banach space X with a normalized basis (e&) 
is strongly non- subsequentially minimal if for every normalized block basis 
(xk) of (efc) , there exists (y^) -< (x^) such that for all (zk) ~< (yk) , (^fc) is 
not equivalent to any subsequence of (e&) . 

The main result of this section is Theorem 1341 where it is shown that X is 
strongly non-subsequentially minimal if 9 < 1 and < inf ip n < sup</? n < 1. 

Proposition 25. [El Proposition 21] If 9 < 1 and miip n > 0, then (9 n ) 
satisfies 

(-if) lim m limsup n *g +n = and 

(f ) There exists F : N — ► R with lim^oo F (n) = such that for all 
R, t 6 N and any arithmetic progression (sj)^ =1 in N, 

max %±i< F(jR) y%±£. 
i<i<_R 9 S . ~ ^ 9 S . 

The main tool in our investigation is a construction of certain "layered 
repeated averages" that can be carried out under the assumptions (-if) and 
(f ) . The basic units of the construction are the repeated averages due to Ar- 
gyros, Mercourakis and Tsarpalias [6 J which we recall here. An 5o-repeated 
average is a vector for some k € N. For any p £ N, an 5 p -repeated 
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average is a vector of the form \Yl\=i x ii where x\ < ••• < Xk are re- 
peated 5 p _i-repeated averages and k = minsuppxi. Observe that any S p - 
repeated average x is a convex combination of {e^ : k G suppx} such that 
Halloo < (minsuppx) - and suppx G S p . 

Construction of Layered Repeated Averages 

Assume that (-if) and (J) hold. Given N G N and V G [N], choose 
sequences (pk)k=i an d {^k)k=i m f^> — 2, that satisfy the following 
conditions: 

(A) gpM+1+ " < 2^a=i^ ^ < M < N - 2 and n > p N (the 

"n 

vacuous product fJiLi ^£;z>i i s taken to be 1), 

(B) p M+1 > Yf=i Lm if < M < N - 2, 

(C) F (L M+ i) < i a=i #L iPi if < M < N - 2. 

If k G N and 1 < M < N, define r M (k) to be the integer in {1, 2, L M } 
such that L^|(fc— (k)). We can construct sequences of vectors x°, . . . , 
with the following properties. Let (e^) be the unit vector basis of X = 

T[(s n ,e n )™ =1 \. 

(a) x° is a subsequence of {ek) k( z V ■ 

(/3) Say x M = (xf 1 ) and nij = minsuppx^. Then there is a sequence 



oo 



(if +1 ) of integer intervals such that /f +1 < J if +1 = N 



and each vector x^ +1 G x M+1 is of the form 



k=i 



where ru+l{k)pM+1 £ je/ M+i Oj-e^ is an «S rAf+l(fc)pAf+1 -repeated av- 
erage. Moreover, the sequence (aj)j? =1 is decreasing. 

Each xf +1 is made up of components of diverse complexities. We ana- 
lyze it by decomposing it into components of "pure forms" in the following 
manner. We adhere to the notation in 



"Pure Forms" Given 1 < r; < L;, 1 < M < N - 1, write 

IjXj . 

rM(j)=rM 



,f +1 (r M ) = £ «,xf 



For 1 < s < M, define 

M+l / „ \_ \ ~* „ _Af 



fc + (r s ,...,r M )= £ cijXj (r s ,...,r M -i) ■ 

wAf+1 
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If 1 < s < M, it is clear that xff +1 = Y^ x ff +1 ( r «> •••> r M) , where the sum 
is taken over all possible values of r s , ...,rM- 

Given r%, ...r^, write p (r±, rj) = r iPii 1 < j < N. Set 

®k = y Yl 6 P{ri,-,r N ( y k)) 6 rl{k) PN II 9 r£i L i ^ 
r 1 ,...,r N _ 1 i=l 

If p > N, define 

9 p = p (N) = max!!] 6 ti : h G N, ^ 4 = p}. 



iV 2V 



i=l i=l 



The following estimates are crucial for subsequent computations. From here 
on, we fix a A; satisfying 



N 



(9) fc>42iY 2 n^v 



i=l 



Proposition 26. [171 Theorem 20; see also the remark following the proof 
of the theorem] 

2 1 @p(ri,...,rjv(fe)) \ iiV 



II ATM ^ / ^ , ,4/1-1 w p(ri,...,r ]v (fcj j ) \ -jy 

|| < I — +4^ sup — — | . 

Proposition 27. [T71 Corollary 9] 



N n,...,rjv_i Cp(ri,...,r JV (fc)) 



JV-1 



i=i 

For all m £ N, z G coo, define 

IMIm = sup | [l^^ll : (-E^) is 5 m -admissible| . 

Proposition 28. Suppose that x = x k = Yli=i^i e mi, (zi) is a normalized 
block basis of (e&) with minsuppzj = m;, q = Ylf=iLjPj, and there exists 

K < oo such that \\zi\\ s > for all 1 < s < q, 1 < i < t. Let z = Y2i=i ^i z i- 
Then 

\\x\\<(l + Ae^ sup ^- r ^ h A KB x \\z\\. 

\ iv n,-,rjv_i Up(n,...,r N (k)) J 

Proof. According to Propositionl261 it suffices to show that \ \z\ \ > (6iK)~ <3?^. 
For each 1 < i < £, let (r±, ...,rjv-i) be the unique (N — l)-tuple such that 
rrn G suppx^ (ri,...,rjv-i) . Since ||^|| t > | for t = q - p (n, rjv-i) , 
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there exists an St admissible family Gi such that G C supp z\ for all G € Gi 
and 

(10) 11*11* = 0t£ 110*11 >^:. 

Gee, v 

We estimate the norm of z by means of a particular tree T. If < n < N 
and suppx^~ n C suppx^, let 



and 



E™ = U | supp Zi : m, 6 supp n j 
= : suppxf- n C suppx^} . 



By (/3) in the construction of n , E 1 ™ is an iS rjv _ n ( s ) pjv _ n -admissible union 

of the sets : suppx^ - ™^ 1 C suppx^ X . Hence Un^i^" * s an admis- 

sible tree so that 

(11) ord = ord + r N _ n (s) p N ^ n if E] +1 C 

Note that suppx^ is a singleton {mj} for some i and hence = suppzj. 
It follows from (fTTj) that ord f-^fj = P ( r i ; •••) r JV-i) + r N (k) Pn, where 

(ri, rjv-i) is the unique (iV — l)-tuple determined by mj. Set <5 Ar+1 = 
uf = i^i- Since £/j is an S g _ p t rij ___ !nvi \-admissible family with Uceg t G Q 
suppzj = Ej 1 e £ N , T = U^j^£ n is an admissible tree such that ord(G) = 

Q + fN (k)pN for each of the leaves G of T. By Lemma O Ui=i^« ^ s 
5 rAr (fc) pjv+(? -admissible. Therefore, 

I 

Ml >8q+r N (k)p N ^2bi ||GZi|| 

i=i GGft 
i=\ 

= °q+r N (k) PN ^2 ( Kd q~p(ri,...,r N - 1 )) 1 I \ x ( r l, ■■; ^V-l) | \fi ■ 
ri,...,rjv_i 

By the regularity of (0 n ), 0p( ri ,..., rN _ 1 ,r w (fc))0 9 -p(7-i,.--,'nv-i) - ^q+r N (k) PN - Ap- 
plying Proposition [27] to the above gives 

M || ^ ^q+r N {k)p N ST^ 6p{ri,...„r N (k)) ( l„_i TT fl _l r _l\ 

iV-l 
i=l 
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□ 

We need a few preparatory results in order to exploit the estimate estab- 
lished in Proposition 1281 

Lemma 29. If (x^) -< (e^) , e > and p G N, then there exists y G 
span (xfc) , | |y| | = 1 suc/i i/iai | |y| \ Sp < e. 

Proof. Assume to the contrary. There exist e > 0, p G N such that for all 
y G span{(xfc)} , | \y\ \ s > e\\y\ \ . On the other hand, | \y\ \ > 9 P \ \y\ \ s . Hence 
||-|| and | His are equivalent on span {(x^)} . However, the Schreier space 
S p is co-saturated. It follows that [(xfc)] an d thus X contains a copy of cq, 
contradicting the reflexivity of X. □ 

Lemma 30. If (z k ) -< (y k ) -< (e k ), and \ \yh\\s k _ x < f or al1 ^' then 

Proof. Write z k = J2j£j k a jUj- Note that \aj\ < \\z k \\ = 1 for all j G J k - 
Therefore, 



— 11%'IU- 1 srnce k — min Jfc < j 



< 



V 1 1 

Z-' ~~ 2 k+1 ' 



□ 



Lemma 31. Assume that 9 < 1 and inf n <^ n > 0. // (z^) -< (e k ) and 

f/ien i/iere is a constant K < 00 suc/i i/iat /or z G span (zfc)^^ , ioe /iawe 
\\A \ m > 27T I N I -^ or a ^ ^ — m — n- 
Proof. First observe that 

Qm+n fm+n , 1 

(12) - — — = < — 2 f° r an r " ) ^- 

¥?m^n (inf ip n ) 

Let -K" = , } r<r . Suppose that z G span (zh)?L„ , I UN = 1 and 1 < m < n. 

(inf ipn) ' K—n 

Choose an admissible tree T of z so that 

l = \\z\\=Tz = *(^)H^IU 
£e£(T) 



]T 4(^)11^11^+ * (^) 

EeC(T) E£C(T) 
ord(E)<m ord(E)>m 
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Write z = Y2'k 3 =n a k z k- Then \a,k\ < 1 as ||z|| = 1. Note that accord- 
ing to Lemma the collection {E G £ (T) : ord (E) < m} of leaves is S m - 
admissible. Therefore, 



E t(E)\\Ez\\ C0 < £ | \Ez\ 

EeC(T) EeC(T) 
ord(E)<m ord(_E)<m 

< I \z\ I c 

|| II o m 



CO 



3C 



OO CO 



Thus 



< V ll ll < V 1 - 1 

k=n k=n 



, t(E) \\Ez\\ r > -. 



£e£(T) 
ord(_E)>m 

Let £ be the collection of all nodes E in T that are minimal subject to 
the condition ord (E) > m. Also, let P be the set of all immediate prede- 
cessors of nodes in £. If D G D, let £ (D) be the collection of its imme- 
diate successors. For each E G £ (D) , ord (D) < m < ord (E) . Therefore 
there exists an 5 m _ ord (£))-admissible collection Qd of subsets of D such that 
£ (D) = U {E G £ (D) : £ C G for some G G £ D } and {£ G £ (D) : E C G} 
is 5 or d(£)_ m -admissible for each G G Now = UoevGD is 5 m -admissible 
and ov d(E) > * by the regularity of (9 n ). Hence 

\\z\\ m >9 m Y^ \\Gz\\ 
Geg 

> 9m E ^ord(£)-m E 1 1 

Geg Ees 

ECG 



> md ^ E) Y^W Ez W by CG]) and the definition of K 

Geg Ees 
ECG 

> — y^t(E) \\Ez\\ > — V t (E) \\Ez\\ > — . 

Ees EeC(T) 

ovA{E)>m 

□ 

We shall show that, for appropriate (9 n ), if (z/-) -< (e^) satisfies the con- 
clusion of Lemma l30l then it is not equivalent to a subsequence of (e&) . 

Lemma 32. If < inf n (p n < sup n <p n < 1, then limjv sup p >7v @P £ N ^ = 0. 
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d N 



Proof. Let e > 0. Choose A such that — < e, where < c = inf n ip n < 
sup n ip n = d < 1 . Let p 
that YliLi %i = Pi then 



sup n </? n = d < 1. Let pGN. If (^1)^1 is a sequence of positive integers such 
v ii = p, uien 

A' 



i=l i=l 



and 
Thus 



P = <p P e p > c9 p . 
6„ (N) d N 

SUp PV ' < <£. 

p>N Op C 



□ 



Proposition 33. // (z^) is a normalized block basis that is equivalent to a 
subsequence of (ek) , then there is a subsequence {zkj) of (zk) such that (z^) 
lis equivalent to (e mj ) , where nrij = min supp z^. . 

Proof. It is well known that two subsequences (e n J and (e^.) of (e/%) are 
equivalent whenever max{nj,^} < min {rij + i, for all i. If (zk) is equiv- 
alent to a subsequence of (e^) , then there is a subsequence (zkj) of (z^ that 
is equivalent to a subsequence (e nj ) of (e^) with 

maxjmin supp , nj} < min {min supp Zk j+1 , nj + \ } for all j. 

Thus max {nj, rrij} < min {rij+i, rrij + i} , and hence (e nj ) is equivalent to 
(e mj ) . Consequently, \Zkj) is equivalent to (e mj ) . □ 

We are now ready to prove the main result of the section. 

Theorem 34. If < mi n ip n < sup n (p n < 1, then X is strongly non- 
sub sequentially minimal. 

Proof. Let (x^) be a normalized block basis of (e^) . By Lemma there 
exists (yk) -< (xfc) such that Hy/bHg < Tjppz ^ or an ^. Suppose that there 
exists (zfc) -< that is equivalent to a subsequence of (e^). Applying 
Proposition [33] we may assume that (zk) is equivalent to (e mfc ), where 
mk = min supp Zk- Pick e > so that 



for all (bk) G cqo- 



By a combination of Lemmas [30] and [31] there is a constant K < 00 such 
that ||z|| s > INI j f° r an z G span {z^)^ =n , 1 < s < n. Use Lemma [32] 

to choose A such that -| + 46>f 1 sup p < if £> > A. With the 

chosen A and V = (mi) 1 ^ construct the layered repeated average vector 



x k = Hi= q bi e m,i with k satisfying the inequality ©. Let z = ^2 i=q hz, 
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(Recall that q = J2f=i LjPj, where (pj),- =1 and (Lj)^ =1 are chosen to sat- 
isfy conditions (A), (B), and (C) once N is determined.) According to 
Proposition [ 



Ml < + 467 1 sup :^ 1 '-' ,JVV ^ 2K0 




< e ||z|| , 

contrary to the choice of e. □ 

The following example shows that the condition sup n (p n < 1 is not nec- 
essary for the conclusion of the theorem to hold. 

Example 35. If 9 < 1, there exists a regular sequence (6 n ) with sup n Q\[ n = 
6 and lim n ip n = 1 such that X is strongly non- sub sequentially minimal. 

Proof. Suppose that < 9 < 1. In (TTJ Example 23], a regular sequence (6 n ) 

l In 

is constructed so that sup ra 6 n = 9, Hm n <p n = 1 and for all JVeN, there 
are sequences {pk)k=i an d {Lk)^ =1 satisfying conditions (A), (B), and (C) 
and 

(13) lim sup = Q- 

A r ^oo rii ... ir . JV _ 1 U p (n,...,r N (k)) 

Following the arguments in Theorem [33] with Lemma [32] replaced by (|13p 
shows that X is strongly non-subsequentially minimal. □ 

In view of Proposition [T^l any subsequentially minimal partly modified 
mixed Tsirelson space is quasi-minimal. However, the existence of strongly 
non-subsequentially minimal mixed Tsirelson spaces prompts the following 
question. 

Question. Does every (partly modified) mixed Tsirelson space T[(S n , 6* n )$£Li] 
(or T[(S n , a n , 9n)n°=l\) contain a quasi-minimal subspace? 
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